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Abstract 

Hamiltonian formulation of = 3 systems is considered in general. 
The most general solution of the Jacobi equation in is proposed. 
Compatible Poisson structures and the corresponding bi-Hamiltonian 
A^ = 3 systems are also discussed. 







1. Introduction. 



Hamiltonian formulation oi N — 3 systems has been intensively considered 
in the last two decades. Recent works [1], [2] on this subject give a very 
large class of the solutions of the Jacobi equation for the Poisson matrix J. 
Very recently generalizing the solutions given in [1] we proposed new classes 
of solutions of the Jacobi equation and gave also some compatible Poisson 
structures. In the same work we have considered also bi- Hamiltonian systems 
corresponding to compatible Poisson structures [3]. 

In this work we give the most general solution of the Jacobi equation 
in M^, and give the condition for the existence of the compatible pairs of 
Poisson structures. Finally we give the conditions for the existence of the 
bi-Hamiltonian systems. 

Matrix J = (J*-^), i,j = 1, 2, 3, defines a Poisson structure in if it is 
skew-symmetric, Jij — —Jji, and its entries satisfy the Jacobi equation 



where i,j, k — 1,2, 3. Here we use the summation convention, meaning that 
repeated indices are summed up. We show that the general solution of the 
above equation (1) has the following form 



where /j, and ^ are arbitrary differentiable functions of x\ i = 1, 2, 3 and e*-'*^ 
is the Levi-Civita symbol. This has a very natural geometrical explanation. 
Let ^ = Ci and H — C2 define two surfaces Si and 5*2 respectively,in , 
where Ci and C2 are some constants. Then the intersection of these surfaces 
define a curve C in R^. The velocity vector ^ of this curve is parallel to the 
vector product of the normal vectors and VH of the surfaces Si and 5*2, 
respectively, i.e.. 



where is any arbitrary function in R^. This equation defines a Hamiltonian 
system in R^. We shall prove that all Hamiltonian systems in R^ are of the 
form given in (3). 

As we shall see in Section 3 and 4, having the Poisson structure in the 
form (2) allows us to construct compatible Poisson structures J and J and 



(1) 



(2) 
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hence the corresponding bi-Hamiltonian systems. For further details please 
see [3]. 

2. General Solution. 

Let J^^ = u, J^^ — —V, J^^ = w , where u, v and w are some differentiable 
functions of Xi,X2 and x^. Then Jacobi equation (1) takes the form 

udiv — vdiu + wd2U — wd2U + vd^w — wd^v — 0. (4) 

V w 

Assuming that m 7^ 0, let p = — and x = ~ then equation (4) can be written 

u u 

as 

dip - d2X + pdsx - Xdsp = 0. (5) 
This equation can be put in a more suitable form by writing it 

{di - xdzjp - (^2 - pdz)x = 0. (6) 

Introducing differential operators Di and D2 defined by 

Di = 9i - xdz D2^d2- pds, (7) 

one can write equation (6) as 

D^p-D2X^0. (8) 

Lemma 1. Let equation (8) he satisfied. Then there are new coordinates 
Xi,X2, such that 

Di = d^^, and D2 = d^^. (9) 



Proof. If equation (8) is satisfied, it is easy to show that the operators Di 
and D2 commute, i.e., 

D10D2- D20 Di^ 0. 

Hence, by the Frobenius theorem (see [4] p. 40) there exist coordinates 
Xi,X2,X3 such that the equalities (9) hold. □ 
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The coordinates xi,X2,xs are described by the following lemma. 
Lemma 2. Let C, he a common invariant function of Di and D2, i.e. 

DiC = D2C = 0, (10) 
then the coordinates xi,X2,X3 of Lemma 1 are given by 

Xi = Xi, X2 = X2, X3 = (. (11) 

Moreover from (10) we get (d^C, 7^ 0), 

diC d2C , , 

Theorem 1. All Poisson structures in take the form (2), i.e., J*-^ = 
fie''^^ dk C- Here ^ and ( are some differentiable functions in 

Proof. Using (12), the entries of matrix J, in the coordinates Xi, X2, X3, can 
be written as 

u = iidsC, 

V = fid2C, (13) 
w = fj.di(. 

Thus matrix J has the form (2) (^ = (). □ 

Remcirk 1. So far we assumed that it 7^ 0. If it = then the Jacobi 
equation becomes quite simpler vd^ w — wd^ v = which has the simple 
solution w = V ^{xi, X2), where ^ is an arbitrary differentiable of Xi and X2. 
This class is also covered in our general solution (2) by letting independent 
of X3. 

A well known example of a dynamical system with Poisson structure of the 
form (2) is the Eulcr equations. 

Example 1. Consider the Euler equations ([4], pp. 397-398,) 







Xi = 


J J X2X3 




h -h 


X2 = 






-'1 — -(2 


^3 = 


J J X1X2 
^1^2 



(14) 
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where Ji,/2,/3 G M are some (no n- vanishing) real constants. This system 
admits Hamiltonian representation of the form (2). The matrix J can be 
defined in terms of function ^ — ~{x\ -\- x\ -\- x\) and = 1, so 

u = -xa, 

V = -X2, (15) 

w — —Xi, 

111 

and//=^ + ^ + ^. 

2/i 2/2 2/3 

Remcirk 2. All of the Poisson structures described in [1] and [3] have the 
form (2). The Poisson structure J, described in these references are given by 

?i(x) = ?7(xi,a;2,a;3)'(/'i(xi)^/'2(a:2)<i63(2:3), 

v{x) = r){xl,X2,x^)^jJl{xl)(p2{x2)^|J3{x3), (16) 

W{x) = ri{xi,X2,X3)(f)i{Xi)tp2{x2)lp3{x3), 

where r]{xi,X2,X3), ipi{xi), 4>i{xi), i — 1,2,3, are arbitrary non vanish- 
ing differentiate functions. Defining fi = 'r]{xi,X2,X3)il^i{xi)il^2{x2)'4^3{x3) 

—dxi — / —dx2 + / —dx3 one obtains that J has form 

Vl J W2 J V3 

(2). 

Remark 3. In general the Darboux theorem states that (sec [4]) , locally, all 
Poisson structures can be reduced to the standard one (Poisson structure with 
constant entries). The above theorem , Theorem 1 , resembles the Darboux 
theorem for N — S. All Poisson structures, at least locally, can be cast into 
the form (2). This result is important because the Dorboux theorem is not 
suitable for obtaining mult i- Hamiltonian systems in R^, but we will show 
that our theorem is effective for this purpose. Writing the Poisson structure 
in the form (2) allows us to construct bi- Hamiltonian representations of a 
given Hamiltonian system. 

Definition 1. Two Hamiltonian matrices J and J are compatible, if the 

sum J + J defines also a Poisson structure. 

Lemma 3. Let Poisson structures J and J have form (2), so .P^ = ^t^^^dk^ 
and J^^ = fie^^'^dk^ . Then J and J are compatible if and only if there exist 
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a differentiable function $(^', ^) such that 



provided that dis,^ = ^ ^ and d^^ = ^ 

Remcirk 4. In [2] a method is given to find new solutions of the Jacobi 
equation (1) from the known ones. Construction of compatible structures, 
Lemma 3, covers all such cases. Letting, for instance, ^ = xi + X2 + 
and fi = ^ (to have the same notation as [2]) we obtain the most general 
solution of the Jacobi equation with u = Uo + = Vo + = Wo + ^ where 
uq = fi'^SjVo = yu^2, Wo = /i^i as the known solution. 

The above Lemma 4 suggests that all Poisson structures in have com- 
patible pairs, because the condition (17) is not so restrictive on the Poisson 
matrices J and J. Such compatible Poisson structures can be used to con- 
struct bi-Hamiltonian systems. 

Definition 2. A Hamiltonian equation is said to he bi-Hamiltonian if it 
admits two Hamiltonian representations H and H, with compatible Poisson 
structures J and J such that 

^ = JVH = JVH. (18) 
dt ^ ' 



Lemma 4. Let J be given by (2) and H{xi,X2,xs) is any differentiable 
function then the Hamiltonian equation 

dx 

— = JVH = -fiV'if xVH, (19) 
is bi-Hamiltonian with the second structure given by J with entries 

U{x) = fldig{^{XiX2X3),H{xi,X2,X3)), 

v{x) = ild2g{'if{xiX2X3),H{xi,X2,X3)), (20) 

w{x) = ild3g{'^>{xiX2X3),H{xi,X2,X3)), 

and H = h{'^{xiX2X:i), H{xi, X2, x^)), = g{'^{xi,X2,X3), H{xi,X2,X:^)), 
jjL = A*g^- Provided that there exist differentiable functions $(^', ^'), h{'^, H), 
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and ,H) satisfying the following equation 



dg dh dgdh_ ^,{^,g) 
d^dH dHd-^ ^2(*,t/)' 

where $i = d^^(^^g), $2 = d^^i^^g). 

Proof. By Lemma 3, J and J are compatible and it can be shown by a 
straightforward calculation that the equality (being a bi-Hamiltonian system) 

JVH = JVH (22) 

or 

/iV^ X V^ = //V* X Vi/ (23) 
is guaranteed by (21). Hence the system 

-^ds-^diH + di'^d3H (24) 
is bi-Hamiltonian. □ 

Remark 5. The Hamiltonian function if is a conserved quantity of the 
system. It is clear from the expression (24) that the function ^ is another 
conserved quantity of the system. Hence for a given Hamiltonian system 
there is a duality between H and ^. Such a duality arises naturally because 
a simple solution of the equation (21) is ^ — H, H — ^ and fj,— —/!. 

Using the Lemma 4 we can construct infinitely many compatible Hamiltonian 
representations by choosing functions g, h satisfying (21). If we fix func- 
tions $, and g then equation (21) became linear first order partial difi'crcntial 
equations for h. For instance, taking g = "^H and fi = —fi, which fixes $, we 
obtain h = liiH. Thus we obtain second representation of equation (3) with 
J given by ^ = and H — InH. Let us give some examples of Hamil- 
tonian systems. All the autonomous examples in [1] with bi-Hamiltonian 
representations can be listed below but we prefer time dependent ones. 
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Example 2. Consider systems that are obtained from RTW system [8] 

X — jx + Sy + z — 2y^ 

y = — Sx + 2xy (25) 
z = -2z{x + l). 

for appropriate subset of parameters by recalling. Following [6] we have: 
RTW(l) system 

xi — 5x2 + 0:36"^* — 2x1 

X2 — —Sx\ + 2x\X2 (26) 

X-i = -X1X3, 

where S is an arbitrary constant. The matrix J is given by (2) with = 1 
and ^ = — x\-\- 0:36"*) and Hamiltonian H = X3{2x2 — S). 
The matrix J is given by (2) with /i = 1 and ^ = —{:i\ — x\^X'ie~^){^X2 — S) 
and Hamiltonian H — ln(a;3(2a;2 — 5))- 

RTW(3) system 

i-\ = (2^3 - 2x2)e~* 

X2 = 2x1X26"* (27) 
X3 = —2x1X36"*. 

The matrix J is given by with /j, — 1 and ^ = (xf — X2 + X3)6~* and Hamil- 
tonian H = X2X3. 

The matrix J is given by (2) with fi = 1 and ^ = X2X3(x^ — ^1 + 2:3)6"* and 
Hamiltonian H — ln(x3X2). 

RTW(4) system 

xi = X3e-(T+2)t - 2xieT* 

X2 = 2x1X26^* (28) 
X3 = -2x1X36^*, 

where 7 is an arbitrary constant. The matrix J is given by with fi — 1 and 

\1/ = (x^ — X2) + X3)6'*'* + X3e^*^'^+^)* and Hamiltonian H = X2X3. 

The matrix J is given by (2) with fl = I and ^ = X2X3[(x^ — x|) + X3)6'''* + 
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x^e and Hamiltonian H = ln(a;3X2). 

RTW(5) system 

Xi — 6x2 + X3 — 2a;|e~^* 

= -5xi + 2x1X26-"^* (29) 
X3 = -2x1X36"^*, 

where 5 is a non- vanishing constant. The matrix J is given by with n — 1 

and ^ = {xl — X2) H — 2:3 and Hamiltonian H = xf + xl + 7X2X3. 

2 2 

2 5e"^* 

The matrix J is given by (2) with p, — 1 and ^ — [xl+ X2 + -zX2X3][ — - — {xf — 

d 2 

S 2 
xl) + -X3] and Hamiltonian H — Inixl + + -JX2X3). 
2 

Remcirk 6. If a system in IR^ is Hamiltonian then and if are constants 
of motion. This reduces the system of three coupled ODE to a single ODE. 

As an example let us consider Euler top equation given in Example 4. The 

222 

X oc 

constants of motion are ^ = — |(xf + x| + a;|), and H = —j- + — y- + — y-. 

2/1 2/2 2/3 

So, the equahties ^ — ci and H — C2 give (assuming 1x^12^ h) 



where is an integration constant. Hence one has the general solution with 
the required number of integration constants. 

This work is partially supported by the Turkish Academy of Sciences and 
by the Scientific and Technical Research Council of Turkey 




(30) 



where ci and C2 are new constants and X3 is given by 




(31) 



8 



References 

[1] B. Hernandez-Bermejo, J. Math. Phys., 42,4984 (2001). 

[2] B. Hcriiaiidcz-Bermejo, Phys. Lett. A, 287, 371-378 (2001). 

[3] A. Ay, M. Giirses and K. Zheltukhin, Some Bi-hamiltonian Systems in 
(2003) (nlin. SI/0304002). 

[4] P.J. Olver, Applications of Lie Groups to Differential Equations, Sec- 
ond Edition, Graduate Text in Mathematics, VoL 107. Springer- Verlag, 
New- York (1993). 

[5] Blaszak M. Multi-Hamiltonian Theory of Dynamical Systems, Text and 
Monographs in Physics, Springer- Verlag New York Berhn Heidelberg 
New York (1998). 

[6] J. Goedert, F. Haas, D. Huat, M.R. Feix and L. Coiro, J. Phys A: 
Math. Gen. 27, 6495-6507, (1994). 

[7] E. N. Lorenz , J. Atmos. Sci. 27, 130, (1963). 

[8] A.S. Pikovski and M. I. Rabinovich, ,Math. Phys. Rev. 2, 165, (1981). 



9 



